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, von Neumann [26] ( $\mathrm{Q}\mathrm{M}1,$ $\mathrm{Q}\mathrm{M}2$ , QM3 )
.
$\mathrm{Q}\mathrm{M}1$ . ( ) $\mathrm{S}$ Hilbert $\mathcal{H}$ ,
64




von Neumann [26] , Hilbert $\mathcal{H}$ $A$
, $E(\lambda)$ $(-\infty<\lambda<+\infty)$ .
(i) $\lambdaarrow-\infty$ $\lambdaarrow+\infty$ , $E(\lambda)\psiarrow \mathrm{O}$ $E(\lambda)\psiarrow\psi$
, $\lambdaarrow\lambda_{0},$ $\lambda\geq\lambda_{0}$ , $E(\lambda)\psiarrow E(\lambda_{0})\psi$ $\psi$
.




$\langle\psi’, A\psi\rangle=\int_{-\infty}^{+\infty}\lambda d\langle\psi’, E(\lambda)\psi\rangle$
.
(i), (ii) $E(\lambda)$ – , $A$
(iii) , $A$ , $A$ $E^{A}(\lambda)$
. , $(a, b]=\{x\in \mathrm{R}|a<x\leq b\}$ . , $a,$ $b\in R$
$a=-\infty$ . $E^{A}(\lambda)$ $A$ , $I=(a, b]$ ,
$E^{A}(I)=E^{A}(b)-E^{A}(a)$ ,
. , $E^{A}(-\infty)=0$ . ( , )
$A,$ $B$ ( $A_{\mathrm{o}}^{1}B$ ) , $E^{A}(\lambda)$ $E^{B}(\mu)$
.















$\mathrm{Q}\mathrm{M}3$ . (Schr\"odinger ) $t_{1}$ $t_{2}$ $\mathrm{S}$ ,











– , , –
, , . ,
.
$\mathrm{W}\mathrm{F}1$ . ( ) $\mathrm{S}$ $A$ $I$ ,
$A\in I$ . .
$\mathrm{W}\mathrm{F}2$ . ( ) $\phi$ , $\neg\emptyset$ . $\phi_{1}$ $\phi_{2}$
$\phi_{1}\wedge\phi_{2},$ $\phi_{1}\vee\phi_{2},$ $\phi_{1}arrow\phi_{2},$ $\phi_{1}rightarrow\phi_{2}$ .
$\mathrm{W}\mathrm{F}3$ . ( ) $\mathrm{W}\mathrm{F}1$ WF2 , .
3.2
, , $\phi$ $\psi$ , $\psi$
$\phi$ $\psi \mathrm{N}-\phi$ . ,
$\prime \mathcal{R}$ ( ) .
$\mathrm{Q}\mathrm{F}1$ . $\psi \mathrm{H}-A\in I\Leftrightarrow\psi\in \mathcal{R}[E^{A}(I)]$ .
$\mathrm{Q}\mathrm{F}2$ . $\psi$ $\neg\emptyset\Leftrightarrow\psi’\vdash\phi$ $\psi’$ , $\psi\perp\psi’$ .
$\mathrm{Q}\mathrm{F}3$ . $\psi \mathrm{H}-\phi_{1}\wedge\phi_{2}\Leftrightarrow\psi \mathrm{E}-\phi_{1}$ $\psi \mathrm{N}-\phi_{2}$ .
$\mathrm{Q}\mathrm{F}4$ . $\psi \mathrm{N}-\phi_{1}\vee\phi_{2}\Leftrightarrow\psi$ $\neg(\neg\phi_{1}\wedge\neg\phi_{2})$ .
$\mathrm{Q}\mathrm{F}5$ . $\psi \mathrm{N}-\phi_{1}arrow\phi_{2}\Leftrightarrow\psi \mathrm{H}-\neg\phi_{1}\vee(\phi_{1}\wedge\phi_{2})$.
$\mathrm{Q}\mathrm{F}6$ . $\psi \mathrm{N}-\phi_{1}rightarrow\phi_{2}\Leftrightarrow\psi \mathrm{H}-\phi_{1}arrow\phi_{2}$ $\psi \mathrm{N}-\phi_{2}arrow\phi_{1}$ .
, , . $\Omega$
$\mathrm{S}$ . $\mathrm{S}$ $\Omega$ , $\mathrm{S}$ $\Omega$
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Borel . $\omega$ $\phi$ $\omega \mathrm{N}-\phi$ ,
.
$\mathrm{C}\mathrm{F}1$ . cu $\vdash A\in I\Leftrightarrow\omega\in A^{-1}(I)$ .
$\mathrm{C}\mathrm{F}2$ . $\omega \mathrm{N}-\neg\emptyset\Leftrightarrow\omega’\mathrm{N}-\emptyset$ $\omega’$ , $\omega\neq\omega’$ .
$\mathrm{C}\mathrm{F}3$ . $\omega \mathrm{H}-\phi_{1}\wedge\phi_{2}\Leftrightarrow\omega \mathrm{N}-\phi_{1}$ $\omega \mathrm{N}-\phi_{2}$ .
$\mathrm{C}\mathrm{F}4$ . $\omega \mathrm{N}-\phi_{1}\vee\phi_{2}\Leftrightarrow\omega \mathrm{N}-\neg(\neg\phi_{1}\wedge\neg\phi_{2})$ .
$\mathrm{C}\mathrm{F}5$ . $\omega \mathrm{N}-\phi_{1}arrow\phi_{2}\Leftrightarrow \mathrm{t}’v\mathrm{H}-\neg\phi_{1}\vee(\phi_{1}\wedge\phi_{2})$.
$\mathrm{C}\mathrm{F}6$ . $\omega \mathrm{N}-\phi_{1}rightarrow\phi_{2}\Leftrightarrow\omega \mathrm{H}-\phi_{1}arrow\phi_{2}$ $\omega \mathrm{H}-\phi_{2}arrow\phi_{1}$ .
, , . ,
, $\neg\phi_{1}\vee(\phi_{1}\wedge\phi_{2})$ , $\neg\phi_{1}\vee\phi_{2}$ , ,
, $\omega \mathrm{N}-\phi_{1}arrow\phi_{2}$ , $\omega \mathrm{N}-\neg\phi_{1}\vee\phi_{2}$ .
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Hilbert $\mathcal{H}$ $S$ , $S^{\perp}$ . ,
$S^{\perp}=$ { $\psi\in \mathcal{H}|$ $\xi\in S$ $\langle\xi,$ $\psi\rangle=0$ }. $S^{\perp\perp}$ , $S$
. $C(\mathcal{H})$ $\mathcal{H}$ . $M\subseteq N$
, $C(\mathcal{H})$ , $C(\mathcal{H})$
. $C(\mathcal{H})$ , $M\wedge N=M\cap N,$ $M\vee N=(M\cup N)^{\perp\perp},$ $\wedge S=\cap S$ ,
V $S=(\cup S)^{\perp\perp}$ . , $S\subseteq C(\mathcal{H})$ . $M\vee N$ , $M\vee N=\overline{\Lambda f+N}$
. $C(\mathcal{H})$ , $Mrightarrow M^{\perp}$ , $C(\mathcal{H})$
, [9, p. 65]. , $M_{1}\leq lVI_{2}$
$\Lambda/I_{2}=M_{1}\vee(M_{1}^{\perp}\wedge\Lambda’I_{2})$
. , $C(\mathcal{H})$ , De Morgan
$(M\wedge N)^{\perp}=M^{\perp}\vee N^{\perp}$ , $(M\vee N)^{\perp}=\Lambda f^{\perp}\wedge N^{\perp}$ ,
. ,
.
$B(\mathcal{H})$ $\mathcal{H}$ . $P=P^{\uparrow}=P^{2}$
, $Q(\mathcal{H})$ $\mathcal{H}$ . $B(\mathcal{H})$
. $A\leq B$ $\langle\psi, A\psi\rangle\leq\langle\psi, B\psi\rangle$ $\psi\in \mathcal{H}$
. $A\in B(\mathcal{H})$ , $\mathcal{R}(A)\in C(\mathcal{H})$ $A$ . ,
$\mathcal{R}(A)=(A\mathcal{H})^{\perp\perp}$ . $M\in C(\mathcal{H})$ , $P(\Lambda I)\in Q(\mathcal{H})$ $M$
. , $\mathcal{R}P(\Lambda I)=M$ $M\in C(\mathcal{H})$ ,
$P\mathcal{R}(P)=P$ $P\in Q(\mathcal{H})$ , $P\leq Q$ $\mathcal{R}(P)\subseteq R(Q)$
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$P,$ $Q\in Q(\mathcal{H})$ . , $Q(\mathcal{H})$ , $C(\mathcal{H})$
. , $P\wedge Q=1\mathrm{i}11\mathrm{u}_{narrow\infty}(PQ)^{n})$
$P^{\perp}=1-P$ $P,$ $Q\in Q(\mathcal{H})$ .
$P,$ $Q$ , $[P, Q]=$ PQ–QP . $P$ $Q$
$(P4Q)$ , $[P, Q]=0$ , ,




$Parrow Q=P^{\perp}\vee(P\wedge Q)$ , $Prightarrow Q=(Parrow Q)\wedge(Qarrow P)$ .
,






. , , $\phi_{1}$ $\phi_{2}$
, $\phi_{1}$ $\phi_{2}$ ,
, $v$ , $v$ $\phi_{1}$ , $v$ $\phi_{2}$
. ,
. ,
, . , ,
, $\psi$ , $\psi \mathrm{N}-\phi_{1}$ $\psi \mathrm{N}-\phi_{2}$ ,
$\phi_{1}$ $\phi_{2}$ .
, $\phi$ $[\phi]=\{\psi\in \mathcal{H}|||\psi||=$
$1,$ $\psi \mathrm{N}-\phi\}$ . , $\phi_{1}$ $\phi_{2}$ ,
$[\phi_{1}]\subseteq[\phi_{2}]$ , , , $\phi_{1}$ $\phi_{2}$
$[\phi_{1}]=[\phi_{2}]$ . , $[\phi]$
,





Hilbert $\mathcal{H}$ , ,
. , $[\phi]$ 1
( ) $\mathrm{C}[\phi]=\{\alpha\psi|\alpha\in \mathrm{C}, \psi\in \mathcal{H}, ||\psi||=1, \psi \mathrm{H}-\phi\}$ . $\mathrm{Q}\mathrm{F}1$ ,
$A\in I$ , $\mathrm{C}[A\in I]$ , $E^{A}(I)$ –
. , $\mathrm{Q}\mathrm{F}2,$ $\mathrm{Q}\mathrm{F}3$ $\mathrm{C}[\neg\emptyset]=(\mathrm{C}[\phi])^{\perp}$ $\mathrm{C}[\phi_{1}\wedge\phi_{2}]=\mathrm{C}[\phi_{1}]\cap \mathrm{C}[\phi_{2}]$
. $\wedge$ $\neg$ , , $\phi$
, $\mathrm{C}[\phi]$ , Hilbert $\mathcal{H}$ ,
. – , $\Lambda/I$ , $A=P(M),$ $I=(1/2,1]$ ,
$\mathrm{C}[A\in I]=M$ . , . ,
$[\phi]$ $\mathrm{C}[\phi]$ 1 1 . , $[\phi]$ $\mathrm{C}[\phi]$
– . , $\psi$ , $\phi$ , ,
1 $\alpha$ , $\psi \mathrm{N}-\emptyset$ $\alpha\emptyset,$ $\mathrm{N}-\phi$ . ,
. $\psi\perp\psi^{j}$ $\alpha\psi\perp\psi’$ , $\phi$ , $\neg\emptyset$
. , $\phi_{1}$ $\phi_{2}$ , $\phi_{1}\wedge\phi_{2}$
. , $\neg$ $\wedge$ ,
, $[\phi]$ $\mathrm{C}[\phi]$ – . ,
Lindenbaum , Hilbert $\mathcal{H}$
, , .
, $\phi$ , [$\phi \mathrm{J}=P(\mathrm{C}[\phi])$ .
,
$[\phi \mathrm{J}=P(\{\alpha\psi|\alpha\in \mathrm{C}, \psi\in \mathcal{H}, ||\psi\}|=1, \psi \mathrm{N}-\phi\})$
, $\phi$ .
$\mathrm{Q}\mathrm{L}1$ . $[A\in I\mathrm{J}=E^{A}(I)$ .
$\mathrm{Q}\mathrm{L}2$ . $[\neg\emptyset \mathrm{I}=[\emptyset \mathrm{I}^{\perp}\cdot$
$\mathrm{Q}\mathrm{L}3$ . [$\phi_{1}$ A $\phi_{2}\mathrm{I}=[\phi_{1}\mathrm{I}\wedge[\phi_{2}\mathrm{I}\cdot$
$\mathrm{Q}\mathrm{L}4$ . $[\phi_{1}\wedge\phi_{2}\mathrm{J}=[\phi_{1}\mathrm{J}\vee[\phi_{2}\mathrm{I}\cdot$
$\mathrm{Q}\mathrm{L}5$ . $[\phi_{1}arrow\phi_{2}\mathrm{I}=[\phi_{1}\mathrm{Q}arrow[\phi_{2}\mathrm{I}\cdot$
$\mathrm{Q}\mathrm{L}6$ . $[\phi_{1}rightarrow\phi_{2}\mathrm{I}=\ovalbox{\tt\small REJECT}\phi_{1}\mathrm{J}rightarrow[\phi_{2}\mathrm{J}$.
, $\phirightarrow[\phi \mathrm{J}$ , Lindenbaum
.
35
, [$\phi \mathrm{J}$ ,
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. , ,
. , $\psi$ $\phi$
$\mathrm{P}\mathrm{r}\{\phi||\psi\}=||[\phi \mathrm{J}\psi||^{2}$ (3.1)
. , \mbox{\boldmath $\phi$} , $A\in I$
. , $A=$ [$\phi \mathrm{J}$ $I=(1/2,1$] , [$A\in I\mathrm{I}=E^{A}(I)=[\phi \mathrm{J}$
, $\phi$ $A\in I$ . $A\in I$ Born
$\mathrm{P}\mathrm{r}\{A\in I||\psi\}=||E^{A}(I)\psi||^{2}=||\ovalbox{\tt\small REJECT}\phi \mathrm{J}\psi||^{2}$
. , $\mathrm{P}\mathrm{r}\{\phi||\psi\}=\mathrm{P}\mathrm{r}\{A\in I||\psi\}$ , Eq. (3.1)
.
, .
$\mu_{\psi(t)}^{A_{1},\ldots,\dot{A}_{n}}(I_{1}\cross \cdot. . \cross I_{n})$ $=$ $\mathrm{P}\mathrm{r}\{A_{1}\in I_{1}\wedge\cdots\wedge A_{n}\in I_{n}||\psi(t)\}$
$=$ $||[A_{1}\in I_{1}\wedge\cdots\wedge A_{n}\in I_{n}\mathrm{J}\psi(t)||^{2}$ .
, Al, . . . $\rangle$ An , Il, . . . , $I_{n}$
.
$\mathrm{P}\mathrm{r}\{A_{1}\in I_{1}\wedge\cdots.\wedge A_{n}\in I_{n}||\psi(b)\}=||\mathbb{I}A_{1}\in I_{1}\wedge\cdots\wedge A_{n}\in I_{n}\mathrm{I}\psi(t)||^{2}$ .
, .
36 1/2 :
1/2 $x,$ $y,$ $z$ , Pauli
$\sigma_{x}=$ , $\sigma_{y}=$ , $\sigma_{z}=$
$(\hslash=2)$ . ,
$[\sigma_{x}=+1\#$ $=$ $\frac{I+\sigma_{x}}{2}=\frac{1}{2}$ ,
$[\sigma_{x}=-1\mathrm{I}$ $=$ $\frac{I-\sigma_{x}}{2}=\frac{1}{2}$ ,
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$[\sigma_{y}=+1\mathrm{I}$ $=$ $\frac{I+\sigma_{y}}{2}=\frac{1}{2}$ ,
$[\sigma_{y}=-1\mathrm{I}$ $=$ $\frac{I-\sigma_{y}}{2}=\frac{1}{2}$ ,

















$x_{1},$ $\ldots,$ $x_{n}$ . ( ,





. , $A=B$ ,
. ,
. – ,
, , , $A=B$ $A\in I$
, . ,









, $arrow$ , $Parrow Q=(\neg P)\vee Q$
. , . Hardegree [8] ,
. , $P,$ $Q$ $Q(\mathcal{H})$ .
(E) $Parrow Q=1$ $P\leq Q$ .
$(\mathrm{L}\mathrm{f}\mathrm{P})P\wedge(Parrow Q)\leq Q$ .
$(\mathrm{M}\mathrm{T})Q^{\perp}\wedge(Parrow Q)\leq P^{\perp}$ .
$(\mathrm{L}\mathrm{B})P4Q$ $Parrow Q=P^{\perp}\vee Q$ .
Kotas [10] , $Parrow Q$
, 3 .
(i) $Parrow_{1}Q=P^{\perp}\vee(P\wedge Q)$ .
(ii) $Parrow 2Q=(P\vee Q)^{\perp}\vee Q$ .
(iii) $Parrow 3Q=(P\wedge Q)\vee(P^{\perp}\wedge Q)\vee(P^{\perp}\Lambda Q^{\perp})$ .
, – .
, (i) , [25]. ,
[$u\in v\mathrm{J}$ [$u=v\mathrm{J}$ , ,
[23] [18] , . ,
. , Hardegree [7] .
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, .
S. $\psi \mathrm{H}-Parrow Q\Leftrightarrow\frac{P\psi}{||P\psi||}\mathrm{N}-Q$.
, $\psi$ ,
$\psi=P\psi+P^{\perp}\psi$
, $P$ $P\psi/||P\psi||$ $P$ $P^{\perp}$ $P^{\perp}\psi/||P^{\perp}\psi||$
( ) , $\psi$ $Parrow Q$ , –
$P\psi/||P\psi||$ , $Q$ . $S$ ,
.
1 $P,$ $Q\in Q(\mathcal{H})$ , .
(i) $Parrow Q=\mathcal{P}\{\psi\in \mathcal{H}|P\psi=(P\wedge Q)\psi\}$ .
(ii) $Parrow Q=P\{\psi\in \mathcal{H}|P\psi\in \mathcal{R}(Q)\}$ .
(iii) $Prightarrow Q=P\{\psi\in \mathcal{H}|P\psi=Q\psi\}$ .
. (i) $\psi\in \mathcal{R}(Parrow Q)$ . , $\psi=P^{\perp}\psi+(P\wedge Q)\psi$
, , $P\psi=(P\wedge Q)\psi$ . , $P\psi=(P\wedge Q)\psi$ .
, $\psi=P^{\perp}\psi+P\psi=P^{\perp}\psi+(P\wedge Q)\psi=P^{\perp}\vee(P\wedge Q)\psi$ , ,
$\psi\in \mathcal{R}(P^{\perp}\vee(P\wedge Q))=\mathcal{R}(Parrow Q)$ , (i) . (ii)
$\psi\in \mathcal{R}(Parrow Q)$ , $P\psi=(P\wedge Q)\psi\in \mathcal{R}(Q)$ . , $P\psi\in \mathcal{R}(Q)$
, $P\psi\in \mathcal{R}(P)$ $P\psi\in \mathcal{R}(P\wedge Q)$ , , $P\psi=(P\wedge Q)\psi$
. F $(\mathrm{i}\mathrm{i})$. (iii) , $\psi\in \mathcal{R}(Prightarrow Q)$ .
, (i) $P\psi=(P\wedge Q)\psi$ $Q\psi=(P\wedge Q)\psi$ , $P\psi=Q\psi$
. , $P\psi=Q\psi$ . , $P\psi\in \mathcal{R}(Q)$ $Q\psi\in \mathcal{R}(P)$ ,
(ii) $\psi\in R(Prightarrow Q)$ , (iii) . ( )
,
R. $P\wedge Q\leq R\Leftrightarrow P\leq Qarrow R$
. , $f_{Q}(P)=P\wedge Q$ residuated ,
$g_{Q}(R)=Qarrow R$ residual [3]. , –
, , $g_{Q}(R)=Qarrow R$ $f_{Q}(P)=(Q^{\perp}\vee P)\wedge Q$
residual .
2 $P,$ $Q,$ $R\in Q(\mathcal{H})$ , .
(i) $P\leq Qarrow R$ $P\mathcal{R}(QP)\leq R$ .
(ii) $\mathcal{P}\mathcal{R}(PQ)=P\wedge(P^{\perp}\vee Q)$ .
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. (i) , $P\leq Qarrow R$ . $\psi\in \mathcal{H}$ , $P\psi\in \mathcal{R}(P)$
, $P\psi|\in \mathcal{R}(Qarrow R)$ . 1(ii) , $QP\psi\in \mathcal{R}(R)$ . ,
$QP\mathcal{H}\subseteq R\mathcal{H}$ , $P\mathcal{R}(QP)\leq R$ . , $\mathcal{P}\mathcal{R}(QP)\leq R$ .
$\psi\in R(P)$ , $Q\psi=QP\psi\in \mathcal{R}(QP)\subseteq \mathcal{R}(R)$ , $Q’\emptyset\in \mathcal{R}(R)$
. , $P\leq Qarrow R$ , (i) . (ii) , $X\in Q$
. $\mathcal{R}(PQ)\leq X$ , (i) $Q\leq Parrow X=P^{\perp}\vee(P\wedge X)$ ,
$P^{\perp}\vee Q\leq P^{\perp}\vee(P\wedge X)$ . , $P\wedge(P^{\perp}\vee Q)\leq P\wedge X$
. , $P\wedge(P^{\perp}\vee Q)\leq X$ . , $P\wedge(P^{\perp}\vee Q)\leq X$ .
$P\wedge(P^{\perp}\vee Q)\leq P\wedge X$ , $P^{\perp}\vee(P\wedge(P^{\perp}\vee Q))\leq P^{\perp}\vee(P\wedge X)=Parrow X$
. $P^{\perp}\leq P^{\perp}\vee Q$ , $P^{\perp}\vee(P\wedge(P^{\perp}\vee Q))=P^{\perp}\vee Q$
. , $Q\leq P^{\perp}\vee Q\leq Parrow X$ , (i) $\mathcal{R}(PQ)\leq X$
. , $\mathcal{R}(PQ)\leq X$ , $P\wedge(P^{\perp}\vee Q)\leq X$ $X\in Q$
. , (ii) . ( )
5 Hilbert
$A’$ $A\subseteq B(\mathcal{H})$ (commutant) . $B(\mathcal{H})$
$\mathcal{M}’’=\mathcal{M}$ von Neumann . $P(\mathcal{M})$ von
Neumann $\mathcal{M}$ .
$A^{!}$ $A\subseteq Q(\mathcal{H})$ [9, p. 23]. ,
$A^{!}=$ {$.P\in Q(\mathcal{H})|$ $Q\in A$ P $\circ|Q$ }.
, $A^{!}$ $Q(\mathcal{H})$ . $\mathcal{H}$ , $Q(\mathcal{H})$
$Q$ $Q=Q^{!!}$ . , $\mathcal{H}$ $Q(\mathcal{H})$
. $A\subseteq Q(\mathcal{H})$ , $A^{!!}$ $A$
$A$ . $Q\subseteq Q(\mathcal{H})$ $\mathcal{H}$
, $\mathcal{H}$ von Neumann –
.
$Q$ Boole , Boole , ,
.
$Q$ $\mathcal{H}$ . $A\subseteq Q$ Boole $(A)$ ,
$P_{1},$ $P_{2}\in A$ , $P_{1}\wedge E4P_{2}\wedge E$ $E\in A^{!}\cap Q$ .
,
Q(A) $= \max${ $E\in A^{!}\cap Q|$ $P_{1},$ $P_{2}\in A$ $P_{1}\wedge E4P_{2}\wedge E$}.
, $Q=Q(\mathcal{H})$ [23, p. 308] .
, [18] .
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3 $A\subseteq Q$ ,
Q(A) $=P${ $\psi\in \mathcal{H}|$ $A,$ $B\in A’’$ $[A,$ $B]\psi=0$}
, , $\perp_{Q}(A)=\perp_{Q(\mathcal{H})}(A)$ .
, $Q$ , $\mathrm{L}(A)=\perp \mathrm{L}_{Q}(A)$ .
6
$V$ ZFC . $\mathcal{L}(\in)$ – , 2
$\in$ , , $\forall x\in y,$ $\exists x\in y$ , .
$U$ , $\mathcal{L}(\in, U)$ $U$ $\mathcal{L}(\in)$ .
$Q$ $\mathcal{H}$ . $\alpha$ , $V_{\alpha}^{(Q)}$ .




. , On .
$\mathcal{L}(\in, V^{(Q)})$ $\phi$ $\mathcal{Q}$- [$\emptyset \mathrm{I}Q$
.
1. $[u=v \mathrm{I}Q=\bigwedge_{u’\in \mathcal{D}(u)}(u(u’)arrow[u’\in v\mathrm{J}_{Q})\wedge\bigwedge_{v’\in D(v)}(v(v’)arrow\ovalbox{\tt\small REJECT} v’\in u\mathrm{I}Q)$ .
2. $[u\in v\mathrm{I}_{\Omega}=_{v’\in D(v)}(v(v’)\wedge\ovalbox{\tt\small REJECT} u=v’\mathrm{I}Q)$ .
3. $\mathbb{I}\neg\phi \mathrm{J}_{Q}=\#\emptyset \mathbb{I}_{Q}^{\perp}$ .
4. $\ovalbox{\tt\small REJECT}_{\phi_{1}\wedge\phi_{2}\mathrm{I}=[\phi_{1}\mathrm{I}Q^{\wedge[\phi_{2}\mathrm{I}Q}}Q$ .
5. $[\phi_{1}\vee\phi_{2}\mathrm{I}Q=[\phi_{1}\mathrm{I}\mathrm{o}\vee[\phi_{2}\mathrm{I}Q\cdot$
6. $[\phi_{1}arrow\phi_{2}\mathrm{I}Q=[\phi_{1}\mathrm{I}Qarrow[\phi_{2}\mathrm{I}Q\cdot$
7. $[\phi_{1}rightarrow\phi_{2}\mathrm{I}\mathrm{o}=[\phi_{1}\# Qrightarrow \mathrm{I}\phi_{2}\mathrm{I}Q\cdot$
8. $[( \forall x\in u)\phi(x)\mathrm{I}Q=\bigwedge_{u’\in D(u)}(u(u’)arrow[\phi(u’)\mathrm{I}Q)$ .
9. $[(\exists x\in u)\phi(x)\mathrm{J}_{Q}=_{u’\in D(u)(u(v’)\wedge[\emptyset(u’)\mathrm{I})},Q\cdot$
10. $[( \forall x)\phi(x)\mathrm{J}_{Q}=\bigwedge_{u\in V^{(Q)}}\mathbb{I}\emptyset(u)\mathrm{I}Q\cdot$
$11$ . $[(\exists x)\phi(x)\mathrm{J}_{Q}=_{u\in V^{(9)}}[\phi(u)\mathrm{Q}_{Q}$ .
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$\mathcal{L}(\in, V^{(Q)})$ $\phi$ $V^{(Q)}$ , [$\phi \mathrm{J}_{Q}=1$ . $\mathcal{L}(\in, V^{(Q)})$
$\phi$ $\psi$ , $\psi\in \mathcal{R}([\phi \mathrm{J}_{Q})$ . , $\psi \mathrm{N}-\emptyset$
. $\mathrm{P}\mathrm{r}\{\phi||\psi\}=||[\phi \mathrm{J}_{Q}\psi||^{2}$ $\phi$ $\psi$ . $\phi$
$\psi$ , 1 .
$\mathcal{L}(\in)$ \Delta o- .
4($\Delta_{0}$- ) $\mathcal{L}(\in)$ \Delta o- $\phi(x_{1}, \ldots, x_{n,\backslash })$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$
,
$\mathrm{I}\emptyset(u_{1}, \ldots, u_{n})\mathrm{I}Q=[\phi(u_{1}, \ldots, u_{n})\mathrm{J}_{Q(\mathcal{H})}$
.
. $V^{(Q)}$ . ,
$\alpha$ $\alpha$ , (i) $u,$ $v\in V_{\alpha}^{(Q)}$
, [$u=v\mathrm{J}_{Q}=[u=v\mathrm{I}Q(\mathcal{H})$ , , (ii) $u\in V_{\alpha}^{(Q)}$ $v\in V_{\alpha+1}^{(Q)}$
, [$u\in v\mathrm{I}Q=[u\in v\mathrm{I}Q(\mathcal{H})$ . $\alpha=0$ ,
(i) (ii) . (i) , $u,$ $v\in V_{\alpha}^{(Q)}$ . (ii)
, [$u’\in v\mathrm{I}Q=[u’\in v\mathrm{I}Q(\mathcal{H})$ [$v’\in u\mathrm{J}_{Q}=[v’\in u\mathrm{I}_{\mathrm{o}(\mathcal{H})}$
$u’\in D(u)$ $v’\in D(v)$ . ,
$[u=v\mathrm{I}9$ $=$
$\bigwedge_{u’\in D(u)}(u(u’)arrow\ovalbox{\tt\small REJECT} u’\in v\mathrm{I}Q)\wedge\bigwedge_{v’\in D(v)}(v(v’)arrow[v’\in u\mathrm{J}_{Q})$
$=$
$\bigwedge_{u’\in D(u)}\cdot(u(u’)arrow[u’\in v\mathrm{J}_{Q(\mathcal{H})})\wedge\bigwedge_{v’\in D(v)}(v(v’)arrow \mathbb{I}v’\in u\mathrm{J}_{Q(\mathcal{H})})$
$=$ $[u=v\mathrm{J}_{Q(\mathcal{H})}$
. (ii) , $u\in V_{\alpha}^{(Q)}$ $v\in V_{\alpha+1}^{(Q)}$ . , $v’\in D(v)$






$\ovalbox{\tt\small REJECT} u\in v\mathrm{I}Q(\mathcal{H})$
. , .
. [ $\cdots \mathrm{J}_{Q}$ [ $\cdots \mathrm{I}Q(\mathcal{H})$ ,
, .
( , .) ( )
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, \Delta 0- $\phi(x_{1}, \ldots, x_{n})$ $u_{1\cdot\}},$. $.v_{n}.\in V^{(Q)}$ , $[\phi(u_{1}, \ldots, u_{n})\mathrm{J}=$
[$\phi(u_{1}, . . . , u_{n})\mathrm{I}Q$ . $v\in V$ , $V^{(Q)}$ Q-{
$=\{\check{u}|u\in v\}\cross\{1\}$ . ZFC $V$ ,
V: $v-\rangle$ $\check{v}$ $V^{(Q)}$ . 2 $0$ 1 $Q(\mathcal{H})$ Boole
. , $V$ $V^{(2)}$ , 4 $Q=2$
, .
5($\triangle_{0}$- ) $\mathcal{L}(\in)$ \Delta o- $\phi(x_{1}, \ldots, x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V$
, $\langle V,$ $\in\rangle\models\phi(u_{1}, \ldots, u_{n})$ [$\phi(\check{u}_{1}, \ldots,\check{u}_{n})\mathrm{I}=1$ .
$u\in V^{(Q)}$ $L(u)$ $u$
.
$L(u)= \bigcup_{x\in D(u)}L(x)\cup\{u(x)|x\in D(u)\}$
.
$A\subseteq V^{(Q)}$ , $L(A)= \bigcup_{u\in A}L(u)$ , , $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$
, $L(u_{1}, \ldots, u_{n})=L(\{u_{1}, \ldots , u_{n}\})$ . $A\subseteq V^{(Q)}$ . $A$ Boole
$\underline{\mathrm{v}}(A)$
$\underline{\vee}(A)=\perp L(A)$
. $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$ , $\underline{\vee}(u_{1}, \ldots, u_{n})=\underline{\vee}(\{u_{1}, \ldots, u_{n}\})$
.




(iii) $\underline{\vee}(u,v,u’)\wedge[u=u’\mathrm{I}\wedge[u\in v\mathrm{I}\leq \mathrm{I}u’\in v\mathrm{I}\cdot$
$(iv)\underline{\vee}(u,v,u’)\wedge[u\in v\mathrm{I}\wedge[v=v’\mathrm{I}\leq[u\in v’\mathrm{I}\cdot$
$(v)\underline{\vee}(u,v,w)\wedge[u=v\mathrm{I}\wedge \mathbb{I}^{v}=w\mathbb{I}\leq[u=w\mathbb{I}\cdot$
[23] $Q=Q(\mathcal{H})$ , ,
– . $P_{1},$ $P_{2},$ $P_{3}\in Q(\mathcal{H})$
.
$P_{1}\wedge P_{2}=P_{2}\wedge P_{3}=P_{1}\wedge P_{3}=0$ , $P_{1}\vee P_{2}=1$ , $(P_{2}\vee P_{3})^{\perp}\not\leq P_{1}$
,
$P_{1}=,$ $P_{2}= \frac{1}{2},$ $P_{2}= \frac{1}{3}$ ,
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. , ) $e_{1},$ $e_{2},$ $e_{3}$ $1=[e_{1}e_{2}e_{3}]$ ,
$\mathcal{R}(P_{1})=\{e_{3}\}^{\perp},$ $\mathcal{R}(P_{2})=\{e_{1}+e_{2}\}^{\perp\perp},$ $R(P_{3})=\{e_{1}+e_{2}+e_{3}\}^{\perp\perp}$ . $x_{1},$ $x_{2}\in V^{(Q)}$
[$x_{1}=x_{2}\mathrm{I}=P_{2}$ , $u,$ $v,$ $w$ .
$D(u)=D(v)=D(w)=\{x_{1}, x_{2}\}$
$u(x_{1})=P_{1}$ , $u(x_{2})=P_{3}$ ,
$v(x_{1})=P_{1}$ , $v(x_{2})=P_{2}$ ,
$w(x_{1})=1$ , $w(x_{2})=P_{2}$
,
$[x_{1}\in u\mathrm{I}$ $=$ $P_{1}\vee(P_{2}\wedge P_{3})=P_{1}$ ,
$[x_{2}\in u\mathrm{J}$ $=$ $(P_{1}\wedge P_{2})\vee P_{3}=P_{3}$ ,
$[x_{1}\in v\mathrm{I}$ $=$ $P_{1}\vee(P_{2}\wedge P_{2})=1$ ,
$\mathrm{I}x_{2}\in v\mathrm{I}$ $=$ $(P_{1}\wedge P_{2})\vee P_{2}=P_{2}$ ,
$\mathrm{I}x_{1}\in u’ \mathrm{I}$ $=$ $1$ ,
$[x_{2}\in w\mathrm{I}$ $=$ $P_{2}\vee(P_{2}\vee P_{2}^{\perp})=\ovalbox{\tt\small REJECT}$
. ,
$[u=.v\mathrm{I}$ $=$ $P_{3}rightarrow P_{2}=(P_{2}\vee P_{3})^{\perp}$ ,
[$v=w\mathrm{J}$ $=$ 1,
$[u=w\mathrm{J}$ $=$ $P_{1}\mathrm{A}(P_{2}rightarrow P_{3})=P_{1}\wedge(P_{2}\vee P_{3})^{\perp}$
, ,
$[u=v\mathrm{Q}\wedge[v=w\mathrm{I}\leq[u=w\mathrm{I}$
. , $V^{(Q)}$ $w$ – $\{w\}_{\mathcal{Q}}$









$[\{u\}_{Q}=\{v\}_{Q}\mathrm{J}$ $=$ $[u=v\mathrm{I}$ ,





, [23] $n=2,3,$ $\ldots$ $n$- $\underline{\vee}(x_{0}, \ldots, x_{n})$
$[\underline{\vee}(x_{0}, \ldots, x_{n})\mathrm{I}=\underline{\vee}(u_{0}, \ldots, u_{n})$
$\mathcal{L}(\in)$ , ZFC $V^{(Q(\mathcal{H}))}$
.
. $[\exists x\in\check{\omega}(x\in\check{\omega})\wedge\forall x\in\check{\omega}\exists y\in\check{\omega}(x\in y)\mathrm{I}=1$ .
. $\underline{\vee}(u, v)\leq[\exists x(\underline{\vee}(u, v, x)\wedge\forall y(y\in xrightarrow y=u\vee y=v)))\mathrm{I}$ .
. $\underline{\vee}(u)\leq\ovalbox{\tt\small REJECT}\exists v(\underline{\vee}(u, v)\wedge\forall x(\underline{\vee}(x, u)arrow(x\in vrightarrow\exists y\in u(x\in y))))\mathrm{I}$ .
. $[\forall x\in u\exists\dot{y}\phi(x, y)\mathrm{I}\leq[\exists v\forall x\in u\exists y\in v\phi(x, y)\mathrm{J}$ .
. $\underline{\vee}(u)\leq[\exists v(\underline{\vee}(u, v)\wedge\forall t(\underline{\vee}(u, v, t)arrow(t\in vrightarrow\forall x\in t(x\in u))))\mathrm{I}\cdot$
. $\underline{\vee}(u)\wedge[\exists x\in u(x\in u)\mathrm{Q}\leq[\exists x\in u\forall y\in u(\neg y\in u)\mathrm{Q}$ .
g /A{ . $\underline{\vee}(u)\leq \mathbb{I}\exists v(\underline{\vee}(u, v)\wedge\forall x\in u(\exists y\in x\exists!z\in u(y\in z)arrow\exists!y\in x(y\in v)))\mathrm{I}$ .
, [23] , $V^{(Q(\mathcal{H}))}$ ,
. , $V^{(Q(\mathcal{H}))}$ ZFC
– . ,
.




, [18] . ,
.
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7 $Q$ $\mathcal{H}$ .
(i) $P_{\alpha}\in Q$ $P_{\alpha 0}|Q$ $\alpha$ , $(_{\alpha}P_{\alpha})_{0}|Q_{f} \bigwedge_{\alpha}P_{\alpha 0}|Q$ ,
$Q\wedge(_{\alpha}P_{\alpha})=_{\alpha}(Q\wedge P_{\alpha}),$ $Q \wedge(\bigwedge_{\alpha}P_{\alpha})=\bigwedge_{\alpha}(Q\wedge P_{\alpha})$ .
(ii) $P_{1},$ $P_{2}4Q$ , $(P_{1}arrow P_{2})\wedge Q=[(P_{1}\wedge Q)arrow(P_{2}\wedge Q)]\wedge Q$ .
. (i) . $P_{\alpha}\in Q$ P\breve r $Q$ $\alpha$ . ,
$P_{\alpha}\wedge Q\leq Q\alpha$ ’ $P_{\alpha}\wedge Q^{\perp}\leq Q^{\perp}\alpha$
,
$P_{\alpha}\wedge Q_{0}^{1}Q\alpha$ ’ $P_{\alpha}\wedge Q^{\perp|}\circ Q\alpha$
(7.2)
. , $P_{\alpha}=(P_{\alpha}\wedge Q)\vee(P_{\alpha}\wedge Q^{\perp})$ $\alpha$ . ,
$P_{\alpha}\alpha$
$=$ $(P_{\alpha}\wedge Q)\vee(P_{\alpha}\wedge Q^{\perp})\alpha$
$=$ $(P_{\alpha}\wedge Q)\vee(P_{\alpha}\wedge Q^{\perp})\alpha\alpha$
, Eq. (7.2) $_{\alpha}P_{\alpha\circ}|Q$ . , Eq. (7.2)
,
$Q\wedge P_{\alpha}\alpha$
$=$ $Q\wedge[(P_{\alpha}\wedge Q)\vee(P_{\alpha}\wedge Q^{\perp})]\alpha\alpha$
$=$
$(P_{\alpha}\wedge Q)\alpha$
. , $Q\wedge _{\alpha}P_{\alpha}=_{\alpha}(Q\wedge P_{\alpha})$ (i) , De $\mathrm{h}4\mathrm{o}\mathrm{r}\mathrm{g}\mathrm{a}\mathrm{n}$
. (ii) , $P_{1,-}jP_{20}|Q$ . $\wedge$ 1(ii) ,
$P_{1}\psi\in \mathcal{R}(P_{2})$ $(P_{1}\wedge Q)\psi\in \mathcal{R}(P_{2}\wedge Q)$ $\psi\in \mathcal{R}(Q)$
. $\psi\in \mathcal{R}(Q)$ . $(P_{1}\wedge.Q)\psi\in R(P_{2}\wedge Q)$
, $P_{1}\psi=P_{1}Q\psi=(P_{1}\wedge Q)\psi\in \mathcal{R}(P_{2}\wedge Q)\subseteq \mathcal{R}(P_{2})$ , $P_{1}\psi\in \mathcal{R}(P_{2})$
. , $P_{1}\psi\in \mathcal{R}(P_{2})$ , $(P_{1}\wedge Q)\psi=P_{1}Q\psi=P_{1}\psi\in \mathcal{R}(P_{2})$
$(P_{1}\wedge Q)\psi=QP_{1}\psi\in \mathcal{R}(Q)$ , $(P_{1}\wedge Q)\psi\in \mathcal{R}(P_{2}\wedge Q)$ . ,
(ii) . ( )
$u\in V^{(Q)}$ $p\in Q$ . $u$ $p$ $u|_{\mathrm{p}}$ ,
:
$D(u|_{p})$ $=$ $\{x|_{\mathrm{p}}|x\in D(u)\}$ ,
$u|_{p}(x|_{p})$ $=$ $u(x)\wedge p$ $(x\in D(u))$ .
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8 $A\subseteq V^{(Q)}$ $p\in Q$ ,
$L(\{u|_{p}|u\in A\})=L(A)\wedge p$ .
.
$A\subseteq V^{(Q)}$ . $A$ ( $Q(A)$ ) .
$Q(A)=L(A)^{!!}$ .
$u_{1},$ $\ldots,$
$u_{n}\in V^{(_{\ovalbox{\tt\small REJECT}}Q)}$ $Q(u_{1}, \ldots, u_{n})=Q(\{u_{1}, \ldots, u_{n}\})$ .
9 $\mathcal{L}(\in)$ $\Delta_{0^{-}}\text{ }$
.
$\phi(x_{1}, \ldots, x_{n})$ $u_{1},$ $\cdots,$
$u_{n}\in V^{(Q(\mathcal{H}))}$ ,
[$\phi(u_{1}, \ldots, u_{n})\mathrm{J}\in Q(u_{1}, \ldots, u_{n})$ .
10 $\mathcal{L}(\in)$ \Delta o- $\phi(x_{1}, \ldots, x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q(\mathcal{H}))}$ ,
$p\in L(u_{1}, \ldots, u_{n})^{!}$ , $p \int[\phi(u_{1}, \ldots, u_{n})\mathrm{J}$ $p_{0}^{1}[\phi(u_{1}|_{p}, \ldots , u_{n}|_{p})\mathrm{I}$ .
$x_{1}\subseteq x_{2}$ “$x_{1}\subseteq x_{2}"=$ “$\forall x\in x_{1}(x\in x_{2})$ ” . ,
$u,$ $v\in V^{(Q)}$ ,
$[u \subseteq v\mathrm{J}=\bigwedge_{u’\in \mathcal{D}(u)}u(u’)arrow[u’\in v\mathrm{J}$
,
, , [$u=v\mathrm{I}=[u\subseteq v\mathrm{I}\wedge[v\subseteq u\mathrm{J}$ .
11 $u,$ $v\in V^{(Q)}$. $p\in L(u, v)^{!}$ , .
(i) $[u|_{p}\in v|_{p}\mathrm{I}=[u\in v\mathrm{I}\wedge p$ .
(ii) $\ovalbox{\tt\small REJECT} u|_{p}\subseteq v|_{p}\mathbb{I}\wedge p=[u\subseteq v\mathrm{I}\wedge p$ .
$(i\dot{j}i)[u|_{p}=v|_{p}\mathrm{I}\wedge p=[u=v\mathrm{I}\wedge p$ .
. $\alpha$ , $\alpha$ , (i)
$u\in V_{\alpha}^{(Q)}$ $v\in V_{\alpha+1}^{(Q)}$ , (ii) (iii) $u,$ $v\in V_{\alpha}^{(Q)}$
. , $\alpha=0$ , .
(ii) , $u,$ $v\in V_{\alpha}^{(Q)}$ $p\in L(u, v)^{!}$ . $u’\in D(u)$ .
$L(u, v)^{!}\subseteq L(u’, v)^{!}$ , $p\in L(u’, v)^{!}$ . , (i)
$\mathbb{I}u’|_{\mathrm{p}}\in v|_{p}\mathrm{I}=\mathbb{I}u’\in v\mathrm{I}\wedge p$ . ,
$[u|_{p}\subseteq v|_{p}\mathrm{I}$ $=$




$\bigwedge_{u’\in D(u)}(u(u’)\wedge p)arrow([u’\in v\mathrm{I}\wedge p)$
.
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$p$ , $p_{0}^{1}u(u’)$ . , 10 , $p4\mathrm{I}u’\in$ . ,
$p4u(u’)arrow[u’\in v\mathrm{I}$ $p_{0}^{1}(u(u’)\wedge p)arrow([u’\in v\mathrm{I}\wedge p)$ . 7(ii) ,
$p\wedge[(u(u’)\wedge p)arrow([u’\in v\mathrm{Q}\wedge p)]=p\wedge(u(u’)arrow[u’\in v\mathrm{I})$.
, 7(i)
$p\wedge[u|_{p}\subseteq v|_{p}\mathrm{I}$ $=$
$p \wedge\bigwedge_{u’\in D(u)}(u(u’)\wedge p)arrow([u’\in v\mathrm{I}\wedge p)$
$\bigwedge_{u’\in D(u)}p\wedge[(u(u’)\wedge p)arrow(\mathrm{I}u’\in v\ovalbox{\tt\small REJECT}\wedge p)]$
$=$
$\bigwedge_{u’\in D(u)}p\wedge(u(u’)arrow[u’\in v\mathrm{I})$
$p \wedge\bigwedge_{u’\in D(u)}(u(u’)arrow[u’\in v\mathrm{J})$
$=$ $p\wedge[u\subseteq v\mathrm{I}\cdot$
. (ii) $u,$ $v\in V_{\alpha}^{(Q)}$ .
(iii) $u,$ $v\in V_{\alpha}^{(Q)}$ (ii) .
(i) , $u\in V_{\alpha}^{(Q)},$ $v\in V_{\alpha}^{(}\ovalbox{\tt\small REJECT}$ , $p\in L(u, v)^{\mathrm{I}}$ . $v’\in D(v)$
. $L(u, v)^{!}\subseteq L(u, v’)^{!}$ , $p\in L(u, v’)^{!}$ (iii)
$u,$ $v\in V_{\alpha}^{(Q)}$ , [$u|_{p}=v’|_{p}\square \wedge p=\mathbb{I}u=v’\mathrm{I}\wedge p$
. 10 , $p\Lambda[u=v’\mathrm{I}$ . , $v(v’),$ [$u=v’\mathrm{I}\in\{p\}^{!}$ , ,
$p_{0}^{1}v(v’)\wedge[u=v’\mathrm{I}\cdot$ ,
$[u|_{p}\in v|_{p}\mathrm{I}$ $=$






$(v’\in v(v’)\wedge[u=v’\mathrm{I})D(v)\wedge p$ ,
. , 7(i) . , $=$ ,
[$u|_{p}\in v|_{p}\mathrm{J}=\mathbb{I}u=v\mathrm{I}\wedge p$ , (i) $u\in V_{\alpha}^{(Q)}\text{ }v\in V_{\alpha+1}^{(Q)}$
. , $\alpha$ .
( )
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12 $\mathcal{L}(\in)$ \Delta 0- $\phi(x_{1)}\ldots, x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$ ,
$p\in L(u_{1}, \ldots, u_{n})^{!}$ , [ $\phi(u_{1}, \ldots, u_{n})\mathrm{I}\wedge p=[\phi(u_{1}|_{p}, \ldots, u_{n}|_{p})\mathrm{Q}\wedge p$ .
.
13 (ZFC ) $\mathcal{L}(\in)$ \Delta 0- $\phi(x_{1}, \ldots, x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$
, $\phi(x_{1}, \ldots, x_{n})$ $ZFC$ ,
$\underline{\vee}(u_{1}, \ldots, u_{n})\leq \mathrm{I}\emptyset(u_{1}, \ldots, u_{n})\mathrm{Q}$
.
. $p=\underline{\vee}(u_{1}, \ldots, u_{n})$ . $a\wedge p_{0}^{1}b\wedge p$ $a,$ $b\in L(u_{1}, \ldots, u_{n})$
. , Boole $B$ , $L(u_{1}, \ldots , u_{n})\wedge p\subseteq B$
. 8 $L(u_{1}|_{p}, \ldots, u_{n}|_{p})\subseteq \mathcal{B}$ , , $u_{1}|_{p},$ $\ldots,$ $u_{n}|_{p}\in V^{(B)}$
. Boole ZFC [1, 1.33] , $[\phi(u_{1}|_{p}, \ldots, u_{\mathrm{n}}|_{p})\mathrm{I}\epsilon=1$
. $\triangle 0-$ [$\phi(u_{1}|_{p}, \ldots , u_{n}|_{p})\mathrm{I}=1$ . 12
[$\phi(u_{1}, \ldots, u_{n})\mathrm{I}\wedge p=[\phi(u_{1}|_{p}, \ldots, u_{n}|_{p})\mathrm{I}\wedge p=p$ ,
( )
8
ZFC , , $V^{(Q)}$
$V^{(Q)}$ .
$\mathrm{Q}$ $V$ . $V^{(Q)}$ $\check{\mathrm{Q}}$ . – ,
$V^{(Q)}$ $\check{\mathrm{R}}$ , $Q$ Boole
. , Dedekind . ,
– . , $\mathrm{r}_{x}$
$\mathrm{R}(x)$ .
$x\subseteq\check{\mathrm{Q}}\wedge\exists y\in\check{\mathrm{Q}}(y\in x)\wedge\exists y\in\check{\mathrm{Q}}(y\not\in x)$
$\wedge\forall y\in\check{\mathrm{Q}}(y\in xrightarrow\forall z\in\check{\mathrm{Q}}(y<zarrow z\in x))$.
$V^{(Q)}$ $\mathrm{R}^{(Q)}$ .
$\mathrm{R}^{(Q)}=$ { $u\in V^{(Q)}|D(u)=D(\check{\mathrm{Q}})$ $[\mathrm{R}(u)\mathrm{I}=1$ }.




$r\in \mathrm{R}$ $V^{(Q)}$ $\check{r}\in V^{(Q)}$ , $D(\check{r})=\{\check{x}|7^{\cdot}\leq x\in \mathrm{Q}\}$ $r\leq x$
$x\in \mathrm{Q}$ $\check{\gamma}(\check{x})=1$ . , $D(\tilde{r})=D(\check{\mathrm{Q}})$
, $r\in \mathrm{R}$ $\mathrm{R}^{(Q)}$ $\tilde{r}\in \mathrm{R}^{(Q)}$ $D(\tilde{r})=D(\check{\mathrm{Q}})$ ,
$t\in \mathrm{Q}$ , $\tilde{r}(\check{t})=\ovalbox{\tt\small REJECT}\check{r}\leq t\ovalbox{\tt\small REJECT}$
$\mathcal{M}$ Hilbert $\mathcal{H}$ von Neumann , $Q$ $\mathcal{M}$
. $\mathcal{H}$ $Q$ , $\mathcal{M}=Q’’$ ,
von Neumann . $\mathcal{H}$ ( ) $A$ $\mathcal{M}$
( $A\eta \mathcal{M}$ ) $\mathcal{M}’$ $U$ ,
$U^{*}AU=A$ . $A$ $\mathcal{H}$ ( ) ,
$A= \int_{\mathrm{R}}\lambda dE^{A}(\lambda)$ . , $\{E^{A}(\lambda)\}_{\lambda\in \mathrm{R}}$ $A$
. $A\eta Q’’$ $E^{A}(\lambda)\in Q$ $\lambda\in \mathrm{R}$
. $\overline{\mathcal{M}}_{SA}$ $\mathcal{M}$ .
$B$ $\mathcal{H}$ Boole [22] , $V^{(B)}$ $\mathrm{R}^{(B)}\text{ }\overline{(\mathcal{B}’’)}_{SA}$ $\ovalbox{\tt\small REJECT}$
. $u\in \mathrm{R}^{(\mathcal{B})}$ . $r\in \mathrm{Q}$ ,
$u(\check{r})\in B$ , .




(iii) $r\in \mathrm{Q}$ $u( \check{r})=\bigwedge_{r<\epsilon\in \mathrm{Q}}u(\check{s})$ .
, $u\in \mathrm{R}^{(B)}$ $\lambda\in \mathrm{R}$ , $E^{u}(\lambda)$
$E^{u}( \lambda)=\bigwedge_{\lambda<r\in \mathrm{Q}}u(\check{r})$
, $\{E^{u}(\lambda)\}_{\lambda\in \mathrm{R}}$ $B$ ,
$\text{\^{u}}=\int_{\mathrm{R}}\lambda dE^{u}(\lambda)$ \^u $\eta B’’$ – . ,
$V^{(\mathcal{Q})}$ [18] .
14 $Q$ $\mathcal{H}$ . $u\in \mathrm{R}^{(Q)}$ $A\in\overline{(Q’’)}_{SA}$
(i) $\lambda\in \mathrm{R}$ $E^{A}( \lambda)=\bigwedge_{\lambda<r\in \mathrm{Q}}u(\check{r})$ ,
(ii) $r\in \mathrm{Q}$ $u(\check{r})=E^{A}(r)$ ,
, $V^{(Q)}\text{ }\mathrm{R}^{(Q)}$ Q//
$\overline{(Q’’)}_{SA}$ – .
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9, Hilbert $\mathcal{H}$ $V^{(Q(\mathcal{H}))}$
1 1 . ,
, .
$\mathcal{L}(\in, V^{(Q(\mathcal{H}))})$ , $\psi$ $\phi$
$\mathrm{P}\mathrm{r}\{\phi||\psi\}=||[\emptyset \mathrm{I}\psi||^{2}$ . , ,
, .
$a<b\in \mathrm{R}$ $I=(a, b]$ $V^{(Q)}$ $\tilde{I}$ $D(\tilde{I})=\mathrm{R}^{(Q)}$
$u\in \mathrm{R}^{(Q)}$ , $\tilde{I}(u)=[\tilde{a}<u\mathrm{J}\wedge[u\leq\tilde{b}\mathrm{Q}$ .
[18].
15 $A$ $I=(a, b]$ ,
$\ovalbox{\tt\small REJECT}\tilde{A}\in\tilde{I}\mathrm{J}=E^{A}(I)$
.
, Hilbert $\mathcal{H}$ $\phi$
, $\mathcal{L}(\in, V^{(Q(\mathcal{H}))})$ $\tilde{\phi}$ . , $A$ , $I$ ,











$A,$ $B$ , $A=B$
$A=B:=(A\in(x_{1}-\epsilon, x_{1}]rightarrow B\in(x_{1}-\epsilon, x_{1}])\wedge\cdots\wedge(A\in(x_{n}-\epsilon, x_{n}]rightarrow B\in(x_{n}-\epsilon, x_{n}])$
. , $\{x_{1}, \ldots, x_{n}\}$ $A,$ $B$
, $\epsilon=\min_{j}^{n_{k=1}},|x_{i}-x_{j}|$ .
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, $A=B$ , $\mathcal{L}(\in, V^{(Q(\mathcal{H}))})$ $A=B-$ ,
$\mathrm{P}\mathrm{r}\{A=B||\psi\}-=\mathrm{P}\mathrm{r}\{A=B||\psi\}$
. 11 , $A=B-$ , $\tilde{A}=\tilde{B}$
,
[$\tilde{A}=\tilde{B}\mathrm{I}=P$ { $\psi\in \mathcal{H}|$ $r\in \mathrm{Q}$ $E^{A}(r)\psi=E^{B}(\gamma)\psi$ }
. , $\psi \mathrm{N}-\tilde{A}=\tilde{B}$ , $A$ $B$ $\psi$ ,
, – . ,
$A=B$ , $A$ $B$ –














$\psi$ , $A$ $B$
( ) , $\psi$ $aA+bB(a, b\in \mathrm{R})$
$p(aA+bB)=f(A, B)$ $A$ $B$
. , $f(A, B)$ , $f(A, B)$
$\langle\psi)f(A, B)\psi\rangle$ , , $\mathrm{R}^{2}$ $\mu_{\psi}^{A,B}$ $aA+bB$
$(a, b\in \mathrm{R})$ $p(aA+bB)=f(A, B)$ ,
$\langle\psi" f(A, B)\psi\rangle=\int_{\mathrm{R}^{2}}f(x, y)d\mu_{\psi}^{A,B}(x, y)$
. , $\omega=(x, y)$ , $A$ $B$
. , $A,$ $B$
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, . $\mu_{\psi}^{A,B}$ ,




17 $A,$ $B$ $\psi$ ,
.
(i) $\psi$ $A$ $B$ .
(ii) $\lambda,$ $\lambda’\in \mathrm{R}$ $[E^{A}(\lambda), E^{B}(\lambda’)]\psi=0$ .
(iii) $\psi \mathrm{N}-\underline{\vee}(\tilde{A},\tilde{B})$ .
(iv) $I,$ $J$ , $\mu(I\cross J)=\mathrm{P}\mathrm{r}\{\tilde{A}\in\tilde{I}\wedge\tilde{B}\in\tilde{J}||\psi\}$ $\mathrm{R}^{2}$
$\mu$ .









$v\in \mathrm{R}^{(Q)}$ $Q$- [$u=v\mathrm{I}$ [18].
18 $u,$ $v\in \mathrm{R}^{(Q)}$ $\psi$ .
(i) $\psi\vdash u=v$ .
(ii) $x\in \mathrm{Q}$ $u(\check{x})\psi=v(\check{x})\psi$ .
(iii) $x,$ $y\in \mathrm{Q}$ $u(\check{x})v(\check{y})\psi=v(\check{x}\wedge\check{y})\psi$ .





(i) $[(\forall u\in \mathrm{R}_{Q})u=u\mathrm{J}=1$ .
(ii) $[(\forall u, v\in \mathrm{R}_{Q})u=varrow v=u\mathrm{I}=1$ .
(iii) $\ovalbox{\tt\small REJECT}(\forall u, v, w\in \mathrm{R}_{Q})u=v\wedge v=warrow u=w\mathrm{I}=1$.
(iv) $[(\forall v\in \mathrm{R}_{Q})(\forall x, y\in v)x=y\wedge X\in varrow y\in v\mathrm{I}=1$ .
(v) $[(\forall u, v\in \mathrm{R}_{Q})(\forall x\in u)x\in u\wedge u=varrow x\in v\mathrm{J}=1$ .
, $V^{(Q)}$ ,
[18].
20 $u_{1},$ $\ldots,$ $u_{n}\in \mathrm{R}^{(Q\rangle}$ ,
[$u_{1}=u_{2}\wedge\cdots\wedge u_{n-1}=u_{n}$I $\leq\underline{\vee}(u_{1}, \ldots, u_{n})$ .
.
, $V^{(Q)}$ , \Delta 0-
[18].
21 ( $\triangle 0$- ) $L(\in)$ \Delta o- $\phi(x_{1}, \ldots, x_{n})$ ,
$[(\forall u_{1}, \ldots, u_{n}, v_{1}, \ldots, v_{n}\in_{-}\mathrm{R}_{Q})$
$(u_{1}=v_{1}\wedge\cdots\wedge u_{n}=v_{n})arrow(\phi(u_{1}, \ldots, u_{n})rightarrow\phi(v_{1}, \ldots,v_{n}))\mathrm{I}=1$
.
, $A$ $I$ ,
$\tilde{A}\in\tilde{I}$ [26]. , ,
– . ,
– .
$A$ $B$ $\psi$ , $\psi$ $A$ $B$
$\mu_{\psi}^{A,B}$








(i) $\mu_{\psi}^{A,B}(\{(a, b)\in \mathrm{R}^{2}|a=b\})=1$ .
(ii) $\mu_{\psi}^{A,B}(\{(a, b)\in \mathrm{R}^{2}|a\neq b\})=0$ .
(iii) $I,$ $J$ , $\mu_{\psi}^{A,B}(I\cross J)=\mu_{\psi}^{A,B}((I\cap J)\cross \mathrm{R})=$
$\mu_{\dot{\psi}}^{4,B}(\mathrm{R}\cross(I\cap J))$ .
, – , .
, ,
.
$[16, 17]$ . ,
. , – $A$ $B$ $\psi$
– , $\psi \mathrm{H}-\tilde{A}=\tilde{B}$ , $\psi \mathrm{N}-(\forall r\in\check{Q})r\in\tilde{A}rightarrow r\in\tilde{B}$
. ,
. , [18].
22 $\mathcal{H}$ $A,$ $B$ $\psi\in \mathcal{H}$ ,
.
(i) $\psi \mathrm{N}-\tilde{A}=\tilde{B}$ .
(ii) $\gamma\in \mathrm{Q}$ , $E^{A}(r)\uparrow l’=E^{B}(\gamma)\psi$ .
(iii) $f$ , $f(A)\psi=f(B)\psi$ .
(iv) $I,$ $J$ , $\langle E^{A}(I)\psi, E^{B}(J)\psi\rangle=0$.
(v) $\psi$ $A,$ $B$ $\mu_{\psi}^{A,B}$ ,
$\mu_{\psi}^{-4,B}(\{(a, b)\in \mathrm{R}^{2}|a=b\})=1$
.
(iv) , $[16, 17]$ $A$ $B$ –
, $A$ $B$ – – . (v)
, $A$ $B$ $\psi$ , – ,
$A,$ $B$ – . (i) ,
– ,









$A,$ $B$ $\mathcal{H}$ . $A$ $B$ $\psi$
, Hilbert $\mathcal{K},$ $\mathcal{K}$ $\xi,$ $\mathcal{H}\otimes \mathcal{K}$ $U$ ,
$\mathcal{K}$ ( ) $\mathbb{J}I$ , , Borel
$f,$ $g$ , $A\otimes I$ $U^{*}(I\otimes f(M))U,$ $B\otimes I$ $U^{*}(I\otimes g(M))U$ $\psi\otimes\xi$
– , ,
$\psi\otimes\xi\vdash(A\otimes I)^{\sim}=(U^{*}(I\otimes f(M))U)^{\vee}$ (12.3)
$\psi\otimes\xi \mathrm{H}-(B\otimes I)^{\vee}=(U^{*}(I\otimes g(M))U)^{\sim}$ (12.4)
.
, , $M$ , $A$ $B$
, $A$ $B$ .
,
.
, – , .
, ,
. (12.3), (12.4) ,
( 2 ) $\epsilon(A),$ $\epsilon(B)$
$\epsilon(A)=||(A\otimes I)\psi\otimes\xi-(U^{*}(I\otimes f(\mathrm{A}I))U)\psi\otimes\xi||$ (12.5)
$\epsilon(B)=||(B\otimes I)\psi\otimes\xi-(U^{*}(I\otimes g(M))U)\psi\otimes\xi||$ (12.6)
. (12.3), (12.4) , $\epsilon(A)=\epsilon(B)=0$ .
, [13, 11, 12, 14, 15].
$\epsilon(A)\epsilon(B)+\sigma(A)\epsilon(B)+\epsilon(A)\sigma(B)\geq\frac{1}{2}|\langle\psi, [A, B]\psi\rangle|$ . (12.7)
, $\sigma(A),$ $\sigma(B)$ , $\sigma(A)=||A\psi-\langle\psi, A\psi\rangle\psi||$
.
, ,
$[A, B]\psi\neq 0$ , $\langle\psi, [A, B]\psi\rangle=0$ ,
. , ,
$\epsilon(A)\epsilon(B)\geq\frac{1}{2}|\langle\psi, [A, B]\psi\rangle|$ . (12.8)
, $\langle\psi, [A, B]\psi\rangle\neq 0$ , $\epsilon(A)\neq 0$
$\epsilon(B)\neq 0$ , - – ,
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, $\langle\psi, [A, B]\psi\rangle\neq 0$ , $\epsilon(A)=0$ $\epsilon(B)=0$
, $\epsilon(A)\epsilon(B)$




4 , P\rightarrow Q ,
.
(E) $Parrow Q=1$ $P\leq Q$ .
$(\mathrm{M}\mathrm{P})P\wedge(Parrow Q)\leq Q$ .
$(\mathrm{b}\mathrm{I}\mathrm{T})Q^{\perp}\wedge(Parrow Q)\leq P^{\perp}$ .
$(\mathrm{L}\mathrm{B})P_{\mathrm{o}}^{1}Q$ $Parrow Q=P^{\perp}\vee Q$ .
, , 3 .
(i) $Parrow_{1}Q=P^{\perp}\vee(P\wedge Q)$ .
(ii) $Parrow 2Q=(P\vee Q)^{\perp}\vee Q$ .
(iii) $Parrow_{3}Q=(P\wedge Q)\vee(P^{\perp}\wedge Q)\vee(P^{\perp}\wedge Q^{\perp})$ .
, [23] [18] , $P-_{1}Q$
. , $Parrow_{1}Q$
, ZFC




, [24] , ,
$P\leq Q$ $Parrow Q=1$ , $Parrow Q=0$
, , ,
. 3 , $(\mathrm{L}\mathrm{B})$ ,
Boole – , ,
, Boole , .
, , Boole ,
. , ,
. , $A$ $a\in \mathrm{R}$
, $\tilde{A}\leq \mathrm{a}$ , $A\leq a1$ [$\tilde{A}\leq$ $=1$ , ,
[$\tilde{A}\leq\tilde{a}\mathrm{J}=0$ . , .
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, $A=B$ [$\tilde{A}=\tilde{B}\mathrm{I}=1$ , , [$\tilde{A}=\tilde{B}$ I $=0$ .
, , 15 22
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